Split Quaterionic Representation of SDYM (SU(1,1) Instantons in \u3ci\u3eS\u3c/i\u3e\u3csup\u3e2-\u3c/sup\u3e × \u3ci\u3eS\u3c/i\u3e\u3csup\u3e2+\u3c/sup\u3e by Lee, Sungwook & Maung, Khin Maung
The University of Southern Mississippi
The Aquila Digital Community
Faculty Publications
3-21-2007
Split Quaterionic Representation of SDYM
(SU(1,1) Instantons in S2- × S2+
Sungwook Lee
University of Southern Mississippi
Khin Maung Maung
University of Southern Mississippi
Follow this and additional works at: https://aquila.usm.edu/fac_pubs
Part of the Physics Commons
This Article is brought to you for free and open access by The Aquila Digital Community. It has been accepted for inclusion in Faculty Publications by
an authorized administrator of The Aquila Digital Community. For more information, please contact Joshua.Cromwell@usm.edu.
Recommended Citation
Lee, S., Maung, K. M. (2007). Split Quaterionic Representation of SDYM (SU(1,1) Instantons in S2- × S2+. AIP Conference
Proceedings, 892(1), 1-13.
Available at: https://aquila.usm.edu/fac_pubs/16221
ar
X
iv
:h
ep
-th
/0
60
62
31
 v
3 
  3
0 
A
ug
 2
00
6
Preprint typeset in JHEP style - HYPER VERSION hep-th/0606231
Split-quaternionic representation of SDYM SU(1, 1)
instantons in S2− × S
2
+
Sungwook Lee
Department of Mathematics, University of Southern Mississippi,
Hattiesburg, MS 39406-5045, U.S.A.
E-mail: sunglee@usm.edu
Khin Maung Maung
Department of Physics, University of Southern Mississippi,
Hattiesburg, MS 39406-5046, U.S.A.
E-mail: khin.maung@usm.edu
Abstract: Using split-quaternions, we find explicit SDYM SU(1, 1) instanton solutions in
S2−×S
2
+ which is the conformal compactification of the semi-Euclidean 4-spacetime R
2+2 of
split-signature (−,−,+,+). The noncompact Lie group SU(1, 1) is naturally introduced as
an appropriate gauge group for SDYM instantons in S2−×S
2
+. It is shown that SDYM and
ASDYM SU(1, 1) instanton solutions in S2−×S
2
+ lead to the absolute minima of Yang-Mills
action and that Yang-Mills action satisfies the same quantization as in SU(2) non-abelian
gauge theories in S4. It is also shown that SDYM and ASDYM field equations in S2−×S
2
+
can be described as simple split-quaternionic 2-forms.
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1. Introduction
An infrared catastrophe is a situation in which a Euclidean path integral or equivalently a
Feynman diagram diverges due to physical phenomena with very small energy approaching
to zero. In [13], Polyakov showed that infrared phenomena in the gauge theories are guided
by certain solutions of the classical Yang-Mills equations. The existence of such solutions
can lead to a finite correlation length which stops infrared catastrophe. In [2], Belavin,
Polyakov, Schwartz, Tyupkin found such a localized, finite-action solution so-called a BPST
pseudoparticle or a BPST instanton for SU(2) non-abelian gauge theories in Euclidean 4-
space. They showed that the fields of minimum action for fixed boundary conditions are
the solutions of the self-dual field equation ∗Fµν = Fµν .
Let σ be a p-form defined on an n-manifold. Then as is well-known ∗∗σ = (−1)p(n−p)sσ,
where s is the determinant of the metric tensor, i.e., s = det gij . For n = 4 and p = 2 case,
there are only two 4-dimensional spaces which satisfy the Hodge duality ∗2 = id. One is
Euclidean 4-space R4 with the signature (+,+,+,+) and the other is the semi-Euclidean
4-spacetime R2+2 with the split-signature (−,−,+,+). In this paper, we find a BPST type
self-dual instanton solution of Yang-Mills equations. Due to the finite energy condition
imposed with |x|2 → ±∞, we need to consider non-abelian gauge theories in the conformal
compactification S2−×S
2
+ of R
2+2. In this case, the indefinite special unitary group SU(1, 1)
is naturally chosen for the gauge group. Note that SU(1, 1) is not compact. The SDYM
(Self-Dual Yang-Mills) and ASDYM (Anti-Self-Dual Yang-Mills) fields in S2−×S
2
+ also lead
to the absolute minima of Yang-Mills action and that Yang-Mills action in S2−×S
2
+ satisfies
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the same quantization (integral multiple of 8π2) as SU(2) non-abelian gauge theories in
S4 = R4 ∪ {∞}.
Due to the geometric nature of R2+2, the split-quaternions or para-quaternions play
an important role in the study of SDYM and ASDYM instantons in S2− × S
2
+. SDYM and
ASDYM field equations in S2− × S
2
+ can be described as simple split-quaternionic 2-forms.
2. The semi-Euclidean 4-spacetime R2+2 and split-quaternions
In this section, we study some fundamental geometric settings for our later discussions.
Most of the material presented in this section came from [4].
Let R2+2 be the semi-Euclidean 4-spacetime with rectangular coordinates x0, x1, x2, x3
and the semi-Riemannian metric 〈 , 〉 of signature (−,−,+,+) given by the quadratic form
ds2 = −dx20 − dx
2
1 + dx
2
2 + dx
2
3.
Let us denote the algebra of split-quaternions or para-quaternions by H
′
and its natural
basis by {1, i, j
′
,k
′
}, where
ij
′
= −j
′
i = k
′
, j
′
k
′
= −k
′
j
′
= −i, k
′
i = −ik
′
= j
′
,
i2 = −1, j
′2
= k
′2
= 1.
For a split-quaternion q = q01 + q1i + q2j
′
+ q3k
′
, the conjugate q¯ of q is defined by
q¯ = q01− q1i− q2j
′
− q3k
′
. Then we see that |q|2 := −qq¯ = −(q0)
2 − (q1)
2 + (q2)
2 + (q3)
2.
The algebra H
′
is naturally identified with the semi-Euclidean 4-spacetime R2+2:
q = q01+ q1i+ q2j
′
+ q3k
′
∈ H
′
←→ (q0, q1, q2, q3) ∈ R
2+2.
Let G = {q ∈ H
′
: qq¯ = 1} be the multiplicative group of timelike unit split-quaternions.
Then it is easy to see that the Lie algebra g of G is the imaginary part of H
′
, i.e.,
g = ImH
′
= {q1i+ q2j
′
+ q3k
′
: q1, q1, q3 ∈ R}.
The Lie algebra g is naturally identified with Minkowski 3-space R2+1(q1, q2, q3) with the
Lorentzian metric −(dq1)
2 + (dq2)
2 + (dq3)
2.
A vector q = (q0, q1, q2, q3) ∈ R
2+2 is also identified with the following 2× 2 matrix
q =
(
q0 + iq1 q3 − iq2
q3 + iq2 q0 − iq1
)
. (2.1)
This identification is indeed an isometry, since |q|2 = −qq¯ = − det q. Using this identifi-
cation, the basis {1, i, j
′
,k
′
} for H
′
can be expressed in terms of matrices in M2(C), the
space of 2× 2 complex matrices:
1←→
(
1 0
0 1
)
, i←→
(
i 0
0 −i
)
,
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j
′
←→
(
0 −i
i 0
)
, k
′
←→
(
0 1
1 0
)
.
The groupG of timelike unit split-quaternions is identified with an indefinite special unitary
group1
SU(1, 1) :=
{(
α β¯
β α¯
)
: −|α|2 + |β|2 = −1, α, β ∈ C
}
= {g ∈ SL(2,C) : gσ3g
∗ = σ3},
where2 σ3 =
(
1 0
0 −1
)
.
The semi-Euclidean metric of H
′
corresponds to the following scalar product onM2(C).
〈X,Y 〉 =
1
2
{tr(XY )− tr(X) tr(Y )} (2.2)
for all X,Y ∈M2(C). The metric on G induced by 2.2 is a bi-invariant Lorentzian metric
of constant sectional curvature −1. Hence, the Lie group G is identified with anti-de Sitter
(AdS) 3-space of constant sectional curvature −1 (See [12]). The AdS 3-space with constant
sectional curvature −1 is denoted by H2+1(−1).
For more details about split-quaternions or para-quaternions, also see [5].
3. The conformal compactification S2− × S
2
+ of R
2+2
Let u := x0 + ix1 and v := x2 + ix3. Then ds
2 = −dudu¯+ dvdv¯. Define new coordinates
by (θ1, ϕ1, θ2, ϕ2) by
u =
(sin θ1)e
iϕ1
(cos θ1 + cos θ2)
, v =
(sin θ2)e
−iϕ2
(cos θ1 + cos θ2)
.
Then3
ds2 =
1
(cos θ1 + cos θ2)2
[−(sin2 θ1dϕ
2
1 + dθ
2
1) + sin
2 θ2dϕ
2
2 + dθ
2
2].
One can easily see that R2+2 is conformal to part of S2 × S2 and that S2 × S2 is the
conformal compactification4 of R2+2. See [7] and references there in. Note that the first
2-sphere is equipped with a negative definite metric. Hereafter, we denote the first sphere
and the second sphere by S2− and S
2
+, respectively.
1It is also called a special pseudo-unitary group.
2The notation σ3 came from Pauli spin matrices.
3In [7], ds2 has an extra factor 1/2. The authors believe that it is a typo.
4To be more accurate, S2− × S
2
+ is a double cover of the conformal compactification of R
2+2. See [8], [9]
for more details.
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4. SDYM and ASDYM SU(1, 1) instantons in S2− × S
2
+ and the absolute
minima of YM action
Let M = S2− × S
2
+. We consider the Yang-Mills action
S = −
∫
M
Tr(F ∧ ∗F ), (4.1)
where ∗ is the Hodge ∗-operator. As is well-known, the Euler-Lagrange equations for the
Yang-Mills action (4.1) are dA ∗ F = 0, where A is a connection 1-form, F = dA + A ∧ A
is a curvature 2-form, and dA is the covariant exterior derivative. Along with Bianchi
identities, the Yang-Mills curvature 2-form F satisfies
dAF = 0, (4.2)
dA ∗ F = 0. (4.3)
The equations (4.2) and (4.3) are called the Yang-Mills equations.
Recall that given a vector bundle V over a smooth manifold M the Chern numbers
ck(V )’s of V are given as the coefficients of the characteristic polynomial of the curvature
2-form F of V
det
(
tI +
i
2π
F
)
=
∑
k
ck(V )t
k. (4.4)
Let F be an n× n diagonal matrix with eigenvalues λ1, · · · , λn. Then
det
(
tI +
i
2π
F
)
=
(
t+
iλ1
2π
)
· · ·
(
t+
iλn
2π
)
= tn +
i
2π
(
∑
λi)t
n−1 +
(
i
2π
)2{ (∑λi)2 −∑λ2i
2
}
tn−2
+ · · ·+ λ1 · · · λn
(
i
2π
)n
.
In our case, n = 2 so
c1 = 0,
c2 =
(
i
2π
)2
detF
=
(
i
2π
)2 (TrF ) ∧ (TrF )− Tr(F ∧ F )
2
.
Later, we will work with SU(1, 1)-bundle over R2+2 (see section 5) so that F ∈ su(1, 1),
where su(1, 1) is the Lie algebra of SU(1, 1). As seen in section 2, su(1, 1) ∼= ImH
′
. Note
– 4 –
that e1 :=
1
2 i, e2 :=
1
2 j
′
, e3 :=
1
2k
′
form a basis for su(1, 1). Hence,
F = F aea, a = 1, 2, 3
=
1
2
(F 1i+ F 2j
′
+ F 3k
′
)
=
1
2
{
F 1
(
i 0
0 −i
)
+ F 2
(
0 −i
i 0
)
+ F 3
(
0 1
1 0
)}
=
1
2
(
iF 1 F 3 − iF 2
F 3 + iF 2 −iF 1
)
.
Now, the second Chern number c2 is given by
c2 =
(
i
2π
)2
detF
=
1
16π2
(−F 1 ∧ F 1 + F 2 ∧ F 2 + F 3 ∧ F 3).
One can easily see that
c2 =
1
8π2
Tr(F ∧ F ). (4.5)
Recall that the k-th Chern class is an element of the cohomology H2k(M ;Z) with integer
coefficients. Since H4(M ;Z) = H4(S2 × S2;Z) = Z,∫
M
c2 =
1
8π2
∫
M
Tr(F ∧ F ) = k ∈ Z. (4.6)
The integer k is called an instanton number.
The curvature 2-form can be decomposed into self-dual and anti self-dual parts: Let
F+ := 12(F+∗F ) and F
− := 12(F−∗F ). Then F = F
++F−, ∗F+ = F+, and ∗F− = −F−.
By a standard argument (see [11] for example),
S = −
∫
M
Tr(F ∧ ∗F )
= ||F+||2 + ||F−||2
≥ |||F+||2 − ||F−||2|
=
∣∣∣∣∫
M
Tr(F ∧ F )
∣∣∣∣
= 8π2|k|.
Here the norm || · ||2 is given by ||ω||2 = −
∫
M Tr(ω ∧ ∗ω), where ω is a 2-form on M .
We have the following three cases:
1. k = 0 case.
S = 0 and F = F+ = F− = 0. The connection 1-form A is a flat connection.
2. k > 0 case.
S = 8π2k, and ∗F = F or F = F+. That is, A is a self-dual connection.
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3. k < 0 case.
S = −8π2k, and ∗F = −F or F = F−. That is, A is an anti-self-dual connection.
Therefore, just as the Euclidean instantons, self-dual and anti self-dual instantons in S2−×
S2+ give rise to the absolute minima of the Yang-Mills action functional (4.1).
5. SDYM SU(1, 1) instantons in S2− × S
2
+
Since the signature of R2+2 is (−,−,+,+), self-dual and anti-self-dual fields can be con-
sidered. In this section, we find a solution to the self-dual equation
∗F = F. (5.1)
Note that if a connection 1-form A leads to a self-dual and anti-self-dual field ∗F = ±F ,
then the Yang-Mills equations (4.3) are automatically satisfied by the Bianchi identities
(4.2) which always hold. So, the solution we discuss in this section describes an instanton
in particular, a self-dual instanton in the conformal compactification S2− × S
2
+ of R
2+2.
Let
U1 = (S
2
− \N)× (S
2
+ \N), U2 = (S
2
− \N)× (S
2
+ \ S),
U3 = (S
2
− \ S)× (S
2
+ \N), U4 = (S
2
− \ S)× (S
2
+ \ S),
where N and S are the north pole and the south pole of the 2-sphere S2. Then U = {Uα :
α = 1, 2, 3, 4} is an open covering of S2−×S
2
+. If we were to construct a principal G-bundle
over S2−×S
2
+ with respect to U , the transition functions would be gαβ : Uα∩Uβ −→ G. As
is well-known, these transition functions fall into homotopy classes and Uα∩Uβ is homotpy
equivalent to S1 × R2 or S1 × S1. S1 × R2 is topologically equivalent to AdS 3-space
H
2+1(−1) (see [12]) and S1×S1 ⊂ S1×R2. Recall that AdS 3-space H2+1(−1) itself has a
Lie group structure and it is identified with SU(1, 1). So, one can choose the suitable gauge
group G to be SU(1, 1). Now, g˜αβ : S
1 × R2 (or S1 × S1) −→ SU(1, 1) are the transition
functions for the principal SU(1, 1)-bundle over S2− × S
2
+.
For x ∈ R2+2, let us define a connection 1-form
Aµ(x) := f(|x|
2)g−1∂µg(x).
Consider the following ansatz:
1. f(|x|2) −→ 1 as |x|2 −→ ±∞.
2. g(x) = gα|x|
2τα, where τ0 = 1, τ1 = i, τ2 = j
′
, τ3 = k
′
∈ H
′
. That is, g(x) ∈ SU(1, 1)
for each x ∈ R2+2.
3.
gα(|x|
2) = ∂αh(|x|
2)
= 2xαh
′
(|x|2)
for some function h(|x|2). Here, ′ stands for d
d|x|2
.
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The ansatz 1 implies that g(x) can be thought of as being defined in S2−×S
2
+, the conformal
compactification of R2+2.
For g ∈ SU(1, 1), by the ansatz 3,
−1 = |g|2
= − det g
= −(g0)
2 − (g1)
2 + (g2)
2 + (g3)
2
= 4(h
′
(|x|2))2|x|2.
So, h
′
(|x|2) = ± i
2(|x|2)1/2
. We choose h
′
(|x|2) = i
2(|x|2)1/2
and thereby
g(x) =
ixατ
α
(|x|2)1/2
.
Now,
Aµ(|x|
2) = f(|x|2)g−1(x)∂µg(x)
= f(|x|2)
xασ3(τ
α)†σ3
(|x|2)1/2
(
τµ
(|x|2)1/2
− C
xβxµ
(|x|2)3/2
τβ
)
=
f(|x|2)
(|x|2)1/2
(
xασ3(τ
α)†σ3
(|x|2)1/2
τµ − C
xµ
(|x|2)1/2
(xαxβσ3(τ
α)†σ3τ
β)
|x|2
)
=
f(|x|2)
|x|2
(
xασ3(τ
α)†σ3τ
µ + Cxµτ
0
)
,
where C = −1 for µ = 0, 1 and C = −1 for µ = 2, 3. In the last expression, we used
xαxβσ3(τ
α)†σ3τ
β = −|x|2τ0.
The term xµτ
0 contributes nothing to the curvature 2-form (field strength) Fµν , so we
may disregard it for calculating Fµν . Then the connection 1-form A is given by
Aµ(|x|
2) =
f(|x|2)
|x|2
xασ3(τ
α)†σ3τ
µ.
For brevity, let a(|x|2) = f(|x|
2)
|x|2
and b(x) = xατ
α. Then b† = xα(τ
α)†, b,µ= τ
µ, and
σ3b
†σ3b = −|x|
2τ0. The curvature 2-form or field strength tensor Fµν is given by
Fµν = (Aν ,µ−Aµ,ν ) + [Aµ, Aν ]
= a,µ σ3b
†σ3b,ν −a,ν σ3b
†σ3b,µ+a(σ3b
†,µ σ3b,ν −σ3b
†,ν σ3b,µ )
+ a2[σ3b
†σ3b,µ , σ3b
†σ3b,ν ]
= (a,µ+2kxµa
2)σ3b
†σ3b,ν −(a,ν +2lxνa
2)σ3b
†σ3b,µ
+ (a+ |x|2a2)(σ3b
†,µ σ3b,ν −σ3b
†,ν σ3b,µ ),
where 
k = l = 1 if µ, ν = 0, 1
k = 1, l = −1 if µ = 0, 1, ν = 2, 3,
k = −1, l = 1 if µ = 2, 3, ν = 0, 1,
k = l = −1 if µ, ν = 2, 3.
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In order for Fµν to be self-dual,
a(|x|2),µ+2xµa(|x|
2)2 = 0 if µ = 0, 1
a(|x|2),µ−2xµa(|x|
2)2 = 0 if µ = 2, 3.
Both differential equations have the same explicit solution
a(|x|2) =
1
d− |x|2
,
where d is a constant. We choose5
d :=
{
−λ2 if |x|2 > 0 i.e., x is a spacelike vector,
λ2 if |x|2 < 0 i.e., x is a timelike vector.
One can easily check that f(|x|2) = a(|x|2)|x|2 satisfies the ansatz 1 as expected. If x is a
timelike vector in R2+2, then the self-dual connection Aµ(|x|
2) is
Aµ(|x|
2) = a(|x|2)
(
xασ3(τ
α)†σ3τ
µ + Cxµτ
0
)
=
1
λ2 − |x|2
(xασ3(τ
α)†σ3τ
µ + Cxµτ
0),
where C is the same as before. That is,
A0(|x|
2) =
1
λ2 − |x|2
(−x1i− x2j
′
− x3k
′
) (5.2)
A1(|x|
2) =
1
λ2 − |x|2
(x0i− x3j
′
+ x2k
′
) (5.3)
A2(|x|
2) =
1
λ2 − |x|2
(−x3i+ x0j
′
− x1k
′
) (5.4)
A3(|x|
2) =
1
λ2 − |x|2
(x2i+ x1j
′
+ x0k
′
). (5.5)
If x is a spacelike vector in R2+2, one simply needs to replace 1
λ2−|x|2
by − 1
λ2+|x|2
in (5.2)–
(5.5).
6. Split-quaternionic representation of SDYM fields in S2− × S
2
+
Let A be a SU(1, 1) connection, i.e., A ∈ su(1, 1) ∼= R2+1.
Let us write
A = ImA(x)dx = Aµ(x)dxµ, (6.1)
where A(x) = A˜0(x)1+ A˜1(x)i+ A˜2(x)j
′
+ A˜3(x)k
′
and dx = dx01+ dx1i+ dx2j
′
+ dx3k
′
.
A(x)dx = (A˜0(x)1+ A˜1(x)i+ A˜2(x)j
′
+ A˜3(x)k
′
)(dx01+ dx1i+ dx2j
′
+ dx3k
′
)
= (A˜0dx0 − A˜1dx1 + A˜2dx2 + A˜3dx3)1+ (A˜1dx0 + A˜0dx1 + A˜3dx2 − A˜2dx3)i+
(A˜2dx0 + A˜3dx1 + A˜0dx2 − A˜1dx3)j
′
+ (A˜3dx0 − A˜2dx1 + A˜1dx2 + A˜0dx3)k
′
.
5The reason for such a choice of d is to avoid singularities for a(|x|2).
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Thus,
A = Aµ(x)dxµ
= ImA(x)dx
= (A˜1i+ A˜2j
′
+ A˜3k
′
)dx0 + (A˜0i+ A˜3j
′
− A˜2k
′
)dx1 + (A˜3i+ A˜0j
′
+ A˜1k
′
)dx2+
(−A˜2i− A˜1j
′
+ A˜0k
′
)dx3.
Comparing this last expression with (5.2) – (5.5), we see that
A = Im
(
x¯dx
λ2 − |x|2
)
=
1
2
(
x¯dx− xdx¯
λ2 − |x|2
)
. (6.2)
Hence, the curvature 2-form or Yang-Mills field strength F is given by
F = dA+A ∧A
= Im{d(A(x)dx) + (A(x)dx) ∧ (A(x)dx)}
= Im
{
d
(
x¯dx
λ2 − |x|2
)
+
(
x¯dx
λ2 − |x|2
)
∧
(
x¯dx
λ2 − |x|2
)}
= Im
{
d
(
x¯
λ2 − |x|2
)
∧ dx+
(x¯dx) ∧ (x¯dx)
(λ2 − |x|2)2
}
= Im
{
±
λ2
(λ2 − |x|2)2
dx¯ ∧ dx
}
.
Notice that the last expression inside the braces is pure imaginary, so the self-dual6 Yang-
Mills field is given by
F =

− λ
2
(λ2+|x|2)2
dx¯ ∧ dx if x is spacelike,
λ2
(λ2−|x|2)2
dx¯ ∧ dx if x is timelike.
(6.3)
Let us compute the instanton number k using (6.3). From the ansatz in section 5, one can
easily deduce that the instanton number should be k = 1.
From (6.3), we get
F ∧ F =

− 24λ
4
(λ2+|x|2)4 d
4x if x is spacelike,
− 24λ
4
(λ2−|x|2)4
d4x if x is timelike.
Here, d4x := dx0 ∧ dx1 ∧ dx2 ∧ dx3. Thereby,
Tr(F ∧ F ) =

− 48λ
4
(λ2+|x|2)4
d4x if x is spacelike,
− 48λ
4
(λ2−|x|2)4
d4x if x is timelike.
6For anti-self-dual Yang-Mills fields, one simply replace x by its conjugate x¯ in (6.3).
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By (4.6) and a direct computation,
k =
1
8π2
∫
M
Tr(F ∧ F )
= −
6
π2
∫
R2+2
λ4
(λ2 ± |x|2)4
d4x
= 1
as we expected. Here, we used the integration
∫
R2+2
λ4
(λ2±|x|2)4
d4x = −pi
2
6 .
7. Conclusion
In this article, we found explicit SDYM instanton solutions in S2− × S
2
+, where S
2
− × S
2
+ is
regarded as the conformal compactification of the semi-Euclidean 4-spacetime R2+2 of split-
signature. The noncompact Lie group SU(1, 1) is naturally introduced as an appropriate
gauge group due to the geometric nature of R2+2. The semi-Euclidean 4-spacetime R2+2
is identified with the algebra H
′
of split-quaternions and split-quatenions play a crucial
role in finding explicit SDYM SU(1, 1) instanton solutions in S2− × S
2
+. It has been shown
that SDYM and ASDYM SU(1, 1) instanton solutions lead to the absolute minima of Yang-
Mills action in S2−×S
2
+ and that Yang-Mills action satisfies the same quantization (integral
multiple of 8π2) as in SU(2) non-abelian gauge theories in S4. It has been also shown that
SDYM and ASDYM field equations in S2−×S
2
+ can be described as simple split-quaternionic
2-forms.
Motivated by Belavin, Polyakov, Schwarz and Tyupkin’s work in [2], E. Witten found
self-dual multi-instanton solutions for a classical SU(2) gauge theory in Euclidean 4-space.
His multi-instanton solutions are invariant under three-dimensional rotations combined
with gauge transformations. The Yang-Mills action can be reduced to the 2-dimensional
Abelian-Higgs model in a negatively curved 2-space (a hyperbolic 2-space) (see [22]).
There seems to be some relationship between Witten’s instanton solutions and magnetic
monopoles. For instance, in [14] P. Rossi showed that an infinite sequence of periodic
instantons on a line is equivalent to a static BPS monopole.
It would be interesting to study such self-dual instanton solutions for a SU(1, 1) gauge
theory in R2+2 that are invariant under three dimensional rotations. Since R2+2 has an
indefinite metric, the resulting solutions are expected to have richer structures. It would be
also interesting to study periodic instantons in R2+2 and to study if there is any relationship
between an infinite sequence of periodic instantons and a static soliton in (2+1)-dimensions,
i.e., a solution to the Yang-Mills-Higgs-Bogomolny equation DµΦ =
1
2ǫµαβF
αβ . Here, ǫµαβ
is the alternating tensor and Φ is an su(1, 1)-valued scalar field, the so-called Higgs field.
Yang-Mills-Higgs solitons in SU(2) chiral model in (2+1)-dimensions have been studied
extensively by a number of physicists. See, for example, [7], [6], [16] [18] and [20]. Yang-
Mills-Higgs solitons in SU(1, 1) chiral model in flat (2 + 1)-dimensions can be studied by
considering SU(1, 1) self-dual Yang-Mills equations in R2+2. Self-dual Yang-Mills equations
in R2+2 are integrable and they can be reduced to (2+1)-dimensions by requiring that the
– 10 –
fields be independent of one of the coordinates7. This will then lead us to a chiral equation
with torsion term8
ηµν∂µ(J
−1∂νJ) + Vαǫ
αµν∂µ(J
−1∂νJ) = 0, (7.1)
where J is a map from R2+1 to SU(1, 1) and Vα is a constant unit vector in R
2+2. As
usual, the tensor ηµν is the (inverse) flat Minkowski metric given by ηµν = diag(−1, 1, 1).
Let x0 = t, x1 = x, x2 = y. Then the chiral equation (7.1) can be written as
−
∂
∂t
(
J−1
∂J
∂t
)
+
∂
∂x
(
J−1
∂J
∂x
)
+
∂
∂y
(
J−1
∂J
∂y
)
=
[
J−1
∂J
∂y
, J−1
∂J
∂t
]
. (7.2)
Through the solutions of a Riemann problem with zeros developed by Zakharov and his
co-workers ([23]), solitons of this SU(1, 1) chiral model can be found. See [18] for more
details.
In [19], Ward showed that analytic solutions J : R2+1 −→ SU(N) to (7.2) correspond
to doubly-framed holomorphic bundles on the minitwistor space TS2 = TCP 1. In order for
the corresponding bundle to extend to the compactification T˜ S2, J needs to be a map from
S1 × R2 to SU(N) (see [1]). Here, S1 is the compactification of the time line. Recalling
that S1 ×R2 is topologically equivalent to AdS 3-space and that AdS 3-space is identified
with the Lie group SU(1, 1), solitons in SU(1, 1) chiral model in flat (2+1)-dimensions may
also provide us some interesting properties. We leave further discussions of these issues for
future work.
It should be remarked that ASDYM SU(n) instanton solutions in S2− × S
2
+ and in
(S2− × S
2
+)/Z2 have been studied by L. J. Mason ([8], [9]). ASDYM SL(2,R) instanton
solutions using ’t Hooft ansatz are briefly discussed in Mason’s book [8] with N. M. J.
Woodhouse. According to Mason [10], such SL(2,R) instanton solutions will contain k = 1
SDYM instanton solutions discussed in this article for an appropriate choice of solutions
to the ultrahyperbolic wave equation. This will be further investigated.
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